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Introduction

e A model of scalar field, ¢(x*), in Quantum Field Theory (QFT)
can be described through a Lagrangian density of the form:

1
£ = 5(0u0)° = V(9).

Depending on the choice of the potential V(¢), the model can
represent many types of physical situations.

e AToda field theory is a nice example which can appear in
mathematics and physics, specifically in the study of field
theory and partial differential equations.

e The theory can be specified by a Lie algebra and usually refer
to theories with a finite Lie algebra. Depending on the rank of
its associated Lie algebra, the Toda field ¢ represents in fact a
collection of scalar fields {¢',i =1, ..., r}, with r the rank.
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Introduction

¢ In a 2D-Minkowski spacetime, x, t, the Toda Lagrangian can be
written

( u¢ Zn/ eXPB a/¢l)

The integers n; are Kac or Dynkln Iabels, m is the mass and
the coupling constant,

«aj is the j-th simple root, and provides a basis for the Cartan
subalgebra on R'.

e At the classical level, the Toda field theories represent
nonlinear integrable models and their solutions describe
solitons.

e At the quantum level, by liniarizing the Toda fields we can
generate quantum models with the spectrum consisting of one
or many massive particles.

¢ In Cosmology, the Toda fields could describe tachionic fields
appearing in inflation models.
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Toda fields: Liouville Eq.

e The Liouville field theory is associated to a Ay Cartan matrix,
which corresponds to the Lie algebra su(2) with a single simple
root.

e Liouville model describes the dynamics of a field ¢ defined by
an exponential potential V(¢) = exp(25¢),

* The attached Euler-Lagrange equation is:
b1t — dxx = 20 exp(25¢)

¢ In Liouville theory, the momentum is not conserved in
interactions.
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Toda fields: The sinh-Gordon Eq.

¢ The sinh-Gordon model is the affine Toda field theory with
the generalized Cartan matrix

2 -2
(%)

and a positive value for g after we project out a component of
¢ which decouples.

e The sinh-Gordon model described by the Lagrangean:

m>

1
= 5(6F — %) - ? cosh(f¢)

e The corresponding Euler-Lagrange equations are:

2

2m
xx — Q1t = o2

5 sinh ¢
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Toda fields: The sine-Gordon Eq.

e The sine-Gordon model has the same Cartan matrix but an
imaginary g = ib. It corresponds to the Lie algebra su(2). with
the potential:

1
V(g) =D niexp(Baid) = exp(B¢) + exp(—B0).
i=0
e The model can be described using as independent variables
{Xay = It} by

om 2
L= f(d)X + qby) + 2 cos(bg).

e The corresponding E-L equation will be in this case:

2

2m
¢xx + ¢tt = F

It is no longer a soliton equation, but it has many similar
properties

sin bo
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Toda fields in QFT

e Toda fields were quantized and describe processes of
multiparticle production that cancel on mass shell.

¢ The quantum sine-Gordon equation is somehow similar with
its classical version, but contains a parameter that can be
identified with the Planck constant. The exponentials become
vertex operators:

1 1
L= 50,00"0 + 5md? — a(Vs + V.g)

with Vj =: €% :, where the semi-colons denote normal
ordering.

e The model is S-dual to the Thirring model (Coleman
correspondence) and serves as an example of boson-fermion
correspondence in the interacting case.
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Toda fields in Cosmology

e Important examples of Toda fields appears in cosmology. The
inflation phenomena in the early Universe is obtained when
we choose a potential expressed through a tachyonic field.

e Atachyonic nonstandard Lagrangian of DBI-type was
intensively used by GORAN and the Nis team. It has the
potential as a multiplicative factor and a square root of
derivatives as a “kinetic” term:

L(p,0"¢) = — V()1 + g0 .

e This model is a particularly attractive for K-inflation, defined by
the local action for a scalar field minimally coupled to Einstein
gravity, useful, as we said, in describing the very early stage of
the Universe.
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A generalized Toda potential

A generalized Toda potential that includes Liouville, sinh-Gordon or
sine-Gordon models is:

V(9) = pexpd — 2 exp(~29). M

This potential can be generalized as:

V(6) = pexp(ms) + g exp(no) @)

It describes:

- In QFT- a quantum field with the spectrum consisting of a single
massive particle.

- In the Soliton Theory - a classical model of nonlinear integrable
system a zero curvature representation with flat connections, an
important feature that assures the existence of soliton-like
solutions.
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The generalized Toda field equation

Due to the non-polynomial form of (2), special techniques have to
be applied in order to get its solutions. The classical approach
consists in using the transformation

d(x, 1) = Inu(x, t). (3

The E-L Eq. corresponding to (2) with the change of variable (3) is
the nonlinear NODE:

Uxtl — Uy Vs + pvot2 4 quvPt2 = 0. (4)

The equation (4) contains 4-parameters: the real parameters p, q,
respectively the integers o, p. This number can be reduced using
suitable choices. We will discuss here a reduced 3-parameters
equation which corresponds to the choiceso +2 =m, p = -2. Itis
known as the generalized DBM equation and has the form:

VitV — VsV +pv" +g=0 (5)
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Direct solving by dimensional reduction

Many approaches have been proposed for solving (5), as the
Riemann-Hilbert, the Lax operators or the bilinearization Hirota
methods.

A direct solving approach supposes, as a first step, to transform (5)
into a nonlinear ordinary differential equation (NODE), using the
wave transformation, £ = x — Vt. Now v(x, t) becomes u(¢) and (5)

becomes:
—Vul" + WP+ pum+q=0 (6)
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The attached flow approach

We will go further using here the attached flow method, a method
based on three main assumptions:

- the variable u(¢) must supplementary satisfy a flow equation
of the form (classic requirement for reducing the differentiability
order recommended by textbooks):

u'(§) = f(u) (7)

- the flow f(u) is connected with the free-derivative term
E(u) = pv™ + q via a forced decomposition of the form:

E(u) = f(u) - h(u) (8)

- the flow is considered as a polynomial and a special balancing
request allows to predict its mathematical form.
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The generalized Toda-DBM equation with m = 4

We will illustrate how the attached flow is working, by considering
the equation (6) for the case m = 4. The graduation rules leads us
to the idea that the flow should have the form:

f(U) :a2u2+a1u+a0 9)

For compatibility with (8), the coefficients «; satisfy in this case the
constraints:
Voz% =p,a1 =0, Vozg =q

As an explicite expression of the flow, we can use:

f(u) = [u iF (10)

R.Cimpoiasu, R.Constantinescu*, C.lonescu Nonlinear Toda August 29, 2023 14/18



Toda solitons for m= 4

By using the previous expression for integrating the flow equation
(7), we get:

-for g # 0and —vz >0, the solutions are periodic:

q\* q pq
(-8) +(-9) w(-50)'e
q\* q\* pg\
G R R
-forg#0and -

3 < 0 the solutions are hyperbolic:

(.9 : q Pq
w@=(5) < (5) w20

[ g\ q\* pg\
w@=(-3) "+ (-F) e [‘ v f]

- for g = 0 the solution is rational:
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Conclusions

e The affine Toda field theory - unifies apparently different fields:
QFT, Gravity and nonlinear dynamics.

* The key connection point: the Lie algebras that can be
attached in all the cases to Toda theories and that assures the
existence of soliton-like solutions for the associated
Euler-Lagrange equations

e The main focus of this presentation: how to get solitons using
the attached flow method.

® The application of the method was illustrated on a specific
case of Toda field theory, the case when the Euler-Lagrange
equation is similar with the generalized
Dodd-Bullough-Mikhailov equation with a nonlinearity of order
fourth.
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